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PERFECT DOMINATION IN KNIGHTS GRAPHS
TODD FENSTERMACHER, SOUMENDRA GANGULY, RENU LASKAR
CLEMSON UNIVERSITY
ABSTRACT. For a graph G = (V,E), a subset S ofV is a perfect dominating set
of G if every vertex not in S is adjacent to exactly one vertex in S. The perfect
domination number, γp(G), is the minimum cardinality of a perfect dominating
set of G. The perfect domination number is found for knights graphs on square,
rectangular, and infinite chessboards. Indeed, exact values or bounds are given
for all chessboards except those with 3 rows and number of columns congruent
to 1, 2, or 3 modulo 8.
1. INTRODUCTION
For a graph G = (V,E), we define a perfect dominating set as in [1].
Definition 1.1. For a graph G = (V,E), a set S ⊆V is a perfect dominating set if
∀v ∈V −S, ∣N(v)∩S∣ = 1.
Here N(v) is the open neighborhood of v and contains all vertices adjacent to
v. The perfect domination number is the smallest such dominating set, that is
γp(G) =min{∣S∣ ∶ S is a perfect dominating set of G}.
A concept similar to perfect domination is efficient domination, which we de-
fine next.
Definition 1.2. For a graphG = (V,E), a set S ⊆V is an efficient dominating set if
∀v ∈V, ∣N[v]∩S∣ = 1.
Here N[v] is the closed neighborhood of v and contains all vertices adjacent to
v, as well as v itself. Now, following [3], we define the knights graph KNn,m.
Definition 1.3. The knights graphKNn,m, is a graph of order nmwhere each vertex
represents a square on a chessboard with n columns and m rows, and two vertices
are adjacent if a knight can move between the two squares corresponding to these
two vertices.
Two representations of KN4,4 are given in Figure 1. In general, the representa-
tion of KNn,m using vertices and edges is visually convoluted, so the representa-
tion of KNn,m using a board is preferred. When referring to specific squares of the
chessboard, we use ordered pairs (i, j) with 1 ≤ i ≤ n and 1 ≤ j ≤m. Note that we
follow the chessboard standard of naming the column first and row second (see
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FIGURE 1. Two representations of KN4,4
[2],[3]) so that (i, j) represents the square in column i and row j. Again, note this
is the opposite of the matrix notation where (i, j) would represents row i and col-
umn j. Unless context specifies otherwise, the bottom left square is assumed to be
(1,1), and square (i, j) represents the square in column i and row j. Furthermore,
inKNn,m, the squares adjacent to square (a,b) are {(a±1,b±2)}⋃{(a±2,b±1)}.
For example, the closed neighborhood of (3,4) in KN8,8 is
N[(3,4)] = {(1,3),(1,5),(2,2),(2,6),(3,4),(4,2),(4,6),(5,3),(5,5)}.
Sinko and Slater studied efficient domination on knights graphs in [3]. Here we
study perfect domination on knights graphs. We will first explore finite knights
graphs before turning to infinite knights graphs. In our investigation of finite
knights graphs we make extensive use of computer searches. All code used is
available upon request from the first author.
2. FINITE BOARDS
To place our question on an actual chessboard would, of course, mandate using
KN8,8. However, the only boards with nontrivial perfect dominating knights have
fewer than 5 rows or 5 columns. This is a result of the following theorem.
Theorem 2.1. γp(KNn,m) = nm for m,n ≥ 5.
Proof. Letm,n≥ 5 and considerKNn,m. First construct a nontrivial set S of knights
which perfectly dominates the lower left 3×3 sub-board. That is, construct S by
adding only knights which are necessary to perfectly dominate the 3×3 sub-board.
Accounting for symmetry, there are 13 distinct ways to construct S. However,
for each such construction, there are squares in the lower left 5× 5 sub-board
which are not dominated. Moreover, adding knights to any of these constructions
in order to perfectly dominate these squares necessitates placing a knight on every
square of the board. To demonstrate this, we divide the 13 different constructions
of S into 3 cases. Note that in the following cases we only include squares in S
which are also in the lower left 5×5 sub-board so that each construction makes
sense in the case n =m = 5.
PERFECT DOMINATION IN KNIGHTS GRAPHS
Case 1.
S = {(1,3),(2,3),(3,1),(4,1)} (see Figure 2)
or S = {(1,1),(1,3),(2,1),(2,4),(3,2),(4,3),(5,1)}
or S = {(1,2),(1,3),(2,4),(3,1),(3,2),(4,3),(5,1)}
or S = {(1,2),(1,5),(2,3),(3,1),(3,4),(4,2),(5,3)}
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FIGURE 2. N represents a knight, X represents a dominated square
For each of these four possibilities of S, the square (1,4) is not dominated.
Moreover, adding any knight to S to dominate (1,4) forces knights to be placed
on every square of KNn,m.
Case 2.
S = {(1,1),(2,5),(3,3),(4,3)}
or S = {(1,1),(2,1),(3,3),(4,3)}
or S = {(1,1),(1,2),(1,4),(2,5),(3,3)}
or S = {(1,1),(1,2),(2,5),(3,3),(4,1)}
or S = {(1,1),(1,2),(1,4),(2,1),(3,3)}
or S = {(1,3),(2,4),(3,2),(3,5),(4,3),(5,1),(5,4)}
or S = {(1,3),(2,4),(2,5),(3,2),(4,3),(4,4),(5,1)}
or S = {(1,3),(1,4),(2,1),(2,5),(3,2),(3,3),(4,4),(5,2)}
For any choice of S above, the square (1,5) cannot be dominated without being
forced to place a knight in every square in KNn,m.
Case 3.
S = {(1,1),(1,2),(2,4),(3,2),(3,3),(4,1),(4,5),(5,3)}
For m ≤ 6, the square (1,5) cannot be dominated without placing a knight in
every square of KNn,m. However, for m ≥ 7, S may be extended to dominate (1,5)
without placing a knight on every square. This is only possible by placing a knight
TODD FENSTERMACHER, SOUMENDRA GANGULY, RENU LASKAR CLEMSON UNIVERSITY
on (2,7). However, S⋃{(2,7)} does not dominate (5,5), and adding a knight to
dominate (5,5) necessitates a knight be placed on every square of KNn,m.
Therefore, there is no nontrivial perfect dominating set of KNn,m for n,m ≥ 5,
that is, γp(KNn,m) = nm. 
Now of course γp(KNn,1)=n for all n. It is also simple to show that γp(KN6k+1,2)=
4k+2 for k = 0,1,2, . . . and γp(KNn,2) = 4k for 6k−4 ≤ n ≤ 6k and k = 1,2,3, . . . .
We record this fact as a proposition below.
Proposition 2.2. γp(KN6k+1,2) = 4k+2 for k = 0,1,2, . . . .
γp(KNn,2) = 4k for 6k−4 ≤ n ≤ 6k and k = 1,2,3, . . . .
As a result, there are two interesting cases when dealing with finite boards -
boards with 3 or 4 rows. We first look at boards with 3 rows. We give bounds for
boards with the number of columns congruent to 0,4,5,6, or 7 modulo 8.
Proposition 2.3. γp(KN8k,3) ≤ 10k for k = 1,2,3, . . .
γp(KN8k+4,3) ≤ 10k+6 for k = 0,1,2, . . .
γp(KN8k+5,3) ≤ 10k+6 for k = 0,1,2, . . .
γp(KN8k+6,3) ≤ 10k+7 for k = 0,1,2, . . .
γp(KN8k+7,3) ≤ 10k+9 for k = 0,1,2, . . .
Proof. For each of the bounds in Theorem 2.3 we present the a placement of
knights that can be extended indefinitely.
γp(KN8k,3) ≤ 10k
N
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γp(KN8k+5,3) ≤ 10k+6
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Now we turn our attention to boards with 4 rows. We will show that for boards
with a large number of columns, there is exactly one nontrivial perfect dominating
set, and such a set exists only for boards with an even number of columns.
Proposition 2.4. γp(KN2k,4) = 4k for k ≥ 7. γp(KN2k+1,4) = 4(2k+1) for k ≥ 6.
Proof. We again make use of a computer in this proof. Consider a set S of knights
which perfectly dominates the middle n−4 columns of KNn,4 for arbitrary n ≥ 5.
Starting at n = 5, we find all such possible sets S which perfectly dominate the
middle column of KN5,4. Then, we find all possible extensions of these sets to
dominate the middle 2 columns of KN6,4. In this manner, we successively increase
n by 1 and consider how to dominate the middle n−4 columns, using the possi-
ble sets of knights found in the previous step. When considering KN13,4 there is
exactly one set of knights (up to symmetry) which perfectly dominates the middle
9 columns (see Figure 3 for a demonstration of this patter on KN14,4). Extend-
ing this set of knights to a perfect dominating set of KN13,4 forces a knight to be
placed on every square. Moreover, if this placement of knights is put on any larger
board (i.e., KNn,4 with n ≥ 14) in an attempt to find a perfect dominating set, all
additional knights are forced according to this pattern. However, this pattern of
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knights only perfectly dominatesKNn,4 for even n. Thus, there exists no nontrivial
perfect dominating set of KNn,4 for odd n ≥ 13. 
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FIGURE 3. Perfect Dominating set of KN14,4
The following are results quickly computed using the algorithm described in
the proof of Proposition 2.4, and are given without proof.
Proposition 2.5. γp(KN4,4) = γp(KN5,4) = γp(KN6,4) = 8
γp(KN7,4) = 28
γp(KN8,4) = 16
γp(KN9,4) = 36
γp(KN10,4) = γp(KN11,4) = γp(KN12,4) = 16
3. INFINITE BOARDS
We now turn our attention to infinite chessboards. Following [3], we look at
five different infinite chessboards. The notation used and a brief description of
each infinite board is given below.
● KNZ,Z: chessboard without boundaries
● KNZ,m: finitely many rows, infinitely many columns
● KNN,m: finitely many rows, infinitely many columns, opening to the right
● KNN,N: infinitely many rows, infinitely many columns, one corner
● KNZ,N: infinitely many rows, infinitely man columns, one horizontal
boundary
For each of the infinite chessboards we ask the following two questions: “Does
a nontrivial perfect dominating set exist?” and, if so, “What is minimum propor-
tion of the squares containing knights in such a set?” The second questions is
analogous to finding the nontrivial perfect dominating set of minimum cardinality
on a finite chessboard. For convenience, we refer to the proportion of squares
containing knights as the density of the set of knights. We can, in fact, answer
both questions for nearly each infinite board. We start with KNZ,Z.
Proposition 3.1. There exists a nontrivial perfect dominating set of KNZ,Z with
knights populating 1/8 of the board. Moreover, 1/8 is the minimum density of a
perfect dominating set.
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Proof. Figure 4 gives an example of a perfect dominating set with density 1/8.
We must now show that 1/8 is the minimum density of a perfect dominating set of
KNZ,Z. We do so by showing that no such set can contain an isolated knight. So
suppose we have a nontrivial perfect dominating set, and for sake of contradiction,
assume there exists an isolated knight. WLOG call this knight N1 and set it in
square (0,0) to be the origin.
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FIGURE 4. A perfect dominating set of KNZ,Z with density 1/8.
Because N1 must be isolated our board locally takes the form shown in Figure
5, where squares with an X may not contain a knight. Note that if any square
(a,b) with an X in Figure 5 is dominated, then no other square in the closed
neighborhood of (a,b) may be a knight. We make use of this fact extensively in
the following argument.
N1
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
X
FIGURE 5. Squares which cannot contain a knight so that N1
remains isolated
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Suppose that a second knightN2 is in either (2,2),(2,−2),(−2,2), or (−2,−2).
WLOG, assume N2 is in (2,−2). Now we must still dominate (0,1), and must do
so with a knight in either (2,2),(0,1), or (−2,2).
Case 1. N3 = (2,2).
Note that this forces knights N4 = (1,0) and N5 = (3,0). We claim that (2,0)
cannot be dominated. Suppose N6 dominates (2,0), then from Figure 5, N6 ∈
{(0,1),(3,2),(4,1),(4,−1),(3,−2),(0,−1)}.But note thatN4 dominates (−1,1),
(3,1), and (3,−1) so that N6 ≠ (0,−1), N6 ≠ (4,−1), and N6 ≠ (4,1) respec-
tively. Moreover,N5 dominates (1,−1) and (1,1) so that N6 ≠ (0,1),N6 ≠ (3,−2),
and N6 ≠ (3,2) respectively. This implies (2,0) cannot be dominated. Thus
N3 ≠ (2,2).
Case 2. N3 = (0,1).
Consider choosingN4 and N5 to dominate (1,1) and (−1,1) respectively. Then
we must have that N4 ∈ {(0,3),(2,3),(3,2),(3,0),(0,−1),(−1,0)} and also that
N5 ∈ {(0,3),(1,0),(0,−1),(−3,0),(−3,2),(−2,3)}.Now note that N3 dominates
(1,−1) so that (3,0) cannot be a knight. Further,N2 dominates (3,0) so that (2,2)
cannot be a knight. But thenN3 dominates (2,2) so that (0,3) and (1,0) cannot be
knights. Moreover, we have thatN3 dominates (1,3),(2,0),(−1,0)which implies
thatN4 ≠ (3,2),N4 ≠ (0,−1), andN4 ≠ (−1,0).ThusN4 = (2,3).On the other hand,
N3 dominates (2,0),(−1,−1), and (−1,3) so that N5 ≠ (0,−1),N5 ≠ (−3,0) and
N5 ≠ (−3,2). Thus N5 = (−2,3). But note that N4 and N5 dominate (0,2), so (0,2)
must be a knight. However, this is a contradiction for (0,2) cannot be a knight.
Thus, N3 ≠ (0,1).
Case 3. N3 = (−2,2).
Consider dominating (1,−1) with a knight N4. It must be the case that N4 ∈
{(0,1),(3,0),(3,−2),(2,−3),(0,−3),(−1,0)}, but by symmetry we only need
to consider N4 ∈ {(0,1),(3,0),(3,−2)}. Moreover, from Case 2, we know that
having (0,0),(2,−2), and (0,1) as knights leads to a contradiction. So we con-
sider just N4 ∈ {(3,0),(3.−2)}.
Case 3a. N4 = (3,0).
Now consider dominating (2,0) with a knight N5. Now this implies that N5 ∈
{(0,1),(0,−1),(3,2),(3,−2),(4,1),(4,−1)}. But N4 dominates (1,1) so N5 ≠
(0,−1) and N5 ≠ (3,2).Also N4 dominates (1,−1) so N5 ≠ (0,1) and N5 ≠ (3,−2).
Moreover, N3 dominates (0,1), so (2,2) cannot be a knight. But (2,2) is domi-
nated by N4 so (4,1) cannot be a knight. Thus we must have N5 = (4,−1).
But now in order to dominate (4,0) with a knight N6, we must have N6 ∈
{(3,2),(3,−2),(6,1),(6,−1)}.ButN4 dominates (4,2) and (4,−2) so N6 ≠ (6,1)
and N6 ≠ (6,−1) respectively. Moreover, N5 dominates (3,1) and (3,−3) so that
N6 ≠ (5,2) and N6 ≠ (5,−2) respectively. Hence (4,0) cannot be dominated. Thus
N4 ≠ (3,0).
Case 3b. N4 = (3,−2).
First note that from our argument in Case 2, (1,0),(−1,0),(0,1), and (0,−1)
cannot be knights. Now consider dominating (3,−1), with a knight N5. Then N5 ∈
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{(2,−3),(4,1),(4,−3),(5,0),(5,−2)}.NowN4 dominates (1,−1),(2,0),(2,−4),
and (4,0), so N6 ≠ (2,−3), N6 ≠ (4,1), N6 ≠ (4,−3), and N6 ≠ (5,−2) respectively.
Thus N5 = (5,0).
Now consider dominating (1,1) with a knight N6. Then we must have N6 ∈
{(0,3),(2,3),(3,2),(3,0)}. But note N4 dominates (2,0) and (1,−1) so N6 ≠
(3,2),N6 ≠ (3,0).Moreover,N5 dominates (4,2), so N6 ≠ (2,3). ThusN6 = (0,3).
Now consider dominating (3,−3) with a knight N7. This implies that N7 ∈
{(4,−1),(5,−4),(4,−5),(2,−5),(1,−4)}.Now N4 dominates (2,0),(2,−4), and
(1,−3) so N7 ≠ (4,−1), N7 ≠ (4,−5) and N7 ≠ (2,−5). Moreover, N5 dominates
(4,−2) so N7 ≠ (5,−4). Thus N7 = (1,−4).
Lastly, consider dominating (−1,−1) with a knight N8 and note that we have
N8 ∈ {(0,−3),(−2,−3),(−3,−2),(−3,0)}. Now N4 dominates (2,−4) so N8 ≠
(0,−3). Also N7 dominates (0,−2) and (−1,−3), so N8 ≠ (−2,−3) and N8 ≠
(−3,−2). Moreover, N6 dominates (−1,1) so N8 ≠ (−3,0). Therefore, (−1,−1)
cannot be dominated. Thus N4 ≠ (3,−2).
Therefore, there is no N4 which we can choose to dominate (1,−1). Hence
N3 ≠ (−2,2). It follows that given N1 = (0,0), N2 = (2,−2), we cannot find N3 to
dominate (0,1). Therefore, WLOG any nontrivial perfect dominating set with
an isolated knight (0,0), cannot contain a knight in (2,−2),(2,2),(−2,2), or
(−2,−2).
So now consider the case that N1 = (0,0) and each of (2,2),(2,−2), (−2,2),
and (−2,−2) are not knights. Then we must have that (0,1) and (1,0) are domi-
nated by themselves. However, placing knights in (0,1) and (1,0) forces a knight
in (2,2).Which is a contradiction.
Therefore, any perfect dominating set of KNZ,Z cannot contain an isolated
knight.
It follows then that a perfect dominating set of minimum density is attained
when each knight is adjacent to exactly one other knight. In such case, any given
knight uniquely dominates 8 squares (including itself). Hence the knights popu-
late 1/8 of all squares. 
Proposition 3.2. KNZ,m and KNN,m contain nontrivial perfect dominating sets
if and only if m = 2,3,4. Moreover, these perfect dominating sets have minimum
densities of 1/3, (at most) 5/12, and 1/2, respectively.
Proof. That KNN,m has no nontrivial perfect dominating set for m ≥ 5 follows
from our proof Theorem 2.1. For 2 ≤m ≤ 4, nontrivial perfect dominating sets for
KNN,m can be constructed by extending the patterns in the perfect dominating sets
for KNn,2,KN8n,3, and KN2n,4. Moreover, using these patterns gives dominating
sets of densities 1/3, 5/12, and 1/2 respectively. The density of 1/3 for KNN,2
is optimal since the perfect dominating set is an efficient dominating set. The
density of 1/2 for KNN,4 is also optimal, as there is a unique (up to symmetry)
perfect dominating set for KNN,4 per the proof of Proposition 2.4. The density of
5/12 for KNN,3 has only been shown to necessitate an upper bound.
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Furthermore, these patterns can actually be extended in either direction to give
nontrivial perfect dominating sets of KNZ,2,KNZ,3, and KNZ,4. The corresponding
optimal densities of knights remain the same.
To show that KNZ,m has no nontrivial perfect dominating set for m ≥ 5, we
consider dominating a sub-board on the boundary with 3 rows and k columns.
Starting with k = 4, we constructed all sets of knights which were necessary to
perfectly dominate only this sub-board. We successively increased k by 1 and
extended each of our constructions as necessary to dominate the three additional
squares. When k = 12, none of the constructions had a nontrivial extension. Thus,
since a perfect dominating set of KNZ,m must perfectly dominate this sub-board
of 3 rows and 12 columns on the boundary, and any such set necessitates placing
knights on the entire board, KNZ,m has no nontrivial perfect dominating set. 
Proposition 3.3. There is no nontrivial perfect dominating set for KNN,N or
KNZ,N.
Proof. That KNN,N has no nontrivial perfect dominating set again follows directly
from our proof of Theorem 2.1.
That KNZ,N has no nontrivial perfect dominating set follows directly from our
argument in Proposition 3.2 that KNZ,m has no nontrivial perfect dominating set
for m ≥ 5. 
Conclusion. Exact values or upper bounds of the perfect domination number have
been given for all knights graphs except KN8k+1,3,KN8k+2,3, and KN8k+3,3.
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